The Known Menger's theorem states that in a finite graph, the size of a minimum separator set of any pair of vertices is equal to the maximum number of disjoint paths that can be found between these two vertices. In this paper, we study the minimal separators of two non-adjacent vertices in a finite graph, and we give a new elementary proof of Menger's theorem.
Introduction
Menger's theorem states that, the size of a minimum separator set of any pair of non-adjacent vertices is equal to the maximum number of disjoint paths that can be found between these two vertices. Menger's theorem was first proved by Karl Menger [6] in 1927. Later on, many different shorter proofs were given, as Menger's proof was considered a bit long and complicated. Before giving an idea about the proofs that were made, we state in the following some basic definitions and notations that were widely used in the attempts of proving Menger's statement, and that we will also adopt in our work in the latter section. For u and v being two vertices in a graph G, a set S ⊆ V (G) − {u, v} is a uv-separator of G if u and v lie in different components of G − S: that is, if every uv-path in G contains a vertex in S. The minimum order of a uv-separator of G is called the uv-connectivity of G and is denoted by κ G (u, v). Note that if uv ∈ E(G), then G has no uv-separator, in this case we will consider κ G (u, v) = ∞. A uv-separator S of G is said to be a minimal uv-separator of G if |S| = κ G (u, v). As previously mentioned, a set of uv-paths is called internally disjoint if these paths are pairwise disjoint except for the vertices u and v, and the maximum number of internally disjoint uv-paths in G is denoted by µ G (u, v). Since every uv-separator of G must contain an internal vertex from each path in any set of internally disjoint uv-paths in G, then we obviously have µ G (u, v) ≤ κ G (u, v). After Menger proved his theorem, it was formulated and generalized by many ways, as by the Max-flow Min-cut theorem [3] in 1956, which is an elementary theorem within the field of network flows, that actually had some surprising implications in graph theory. On the other hand, for shorter proofs of Menger's theorem that were established, the first one was given by G. A. Dirac [1] in 1966, where he proved the result by contradiction, after assuming that the statement of Menger is not true and working on a graph with minimal number of vertices not satisfying this statement. In 1978, Peter V. O'Neil [7] took a different perspective while proving Menger's theorem, as the ones usually considered in proving its statement, as instead of finding a set of paths internally disjoint of cardinal equal to the cardinal of a considered minimal separator in a graph, he proved that there exists a separator of cardinal equal to the number of the maximum internally disjoint paths. Also, considering simpler proofs of Menger's result, there is one that was given by W. McCuaig [5] in 1984 by using induction on the number of vertices of the separating set. It could also be interesting to refer that some researchers gave an equivalent formulation of Menger's Theorem [2] : For any two sets V and W of vertices in a graph G, a V W -path is a path from some vertex v in V to some vertex w in W that passes through no other vertices of V and W . A set S of vertices separates V and W if every V W -path contains a vertex of S, and S is called a V W -separating set. It was proved that for any positive integer k, there are k pairwise disjoint V W -paths in G if and only if every V W -separating set contains at least k vertices. Finally, the most recent proof of Menger's theorem was given by F. Göring [4] in 2000. In this paper, we study the minimal separators for it's own sake, we prove in particular that if S is a minimal uv-separator in a graph G, then κ G−e (u, v) = κ G (u, v) for all e = xy where x, y ∈ S. This yields us to make a new proof of Menger's theorem.
Minimal separator
Lemma 1. Consider a graph G, and let u, v ∈ V (G) such that uv / ∈ E(G).
Theorem 2. Consider a graph G, and let
Proof. We will proceed by induction on
.., x k } be a minimal uv-separator of G. Suppose to the contrary that there exists an edge e ∈< S > such that κ G−e (u, v) = k. We are looking for uv-path P in G such that P ∩ S = φ. This will give us the contradiction.
By using Lemma 1, we have κ G−e (u, v) = k −1. Without loss of generality we may suppose that e = x 1 x 2 . Let G ′ = G−e and S ′ be a minimal uv-separator
The first observation of this analysis is that
which gives a contradiction.
Let C u and C v be two connected components in
there exists a connected component C uv in G − S ′ containing both u and v.
We have C uv − e ⊂ G − S ′ − e = G ′ − S ′ , and so e separates u and v in C uv , this implies that e is a bridge of C uv . Then C uv − e = C 1 ∪ C 2 where C 1 and C 2 are two connected components containing u and v respectively. Without loss of generality, we may assume x 1 ∈ C 1 and x 2 ∈ C 2 . We remark that
Set S 1 = S u and S 2 = S − S 1 , and let P be a uv-path in G − S 2 . Then,
Clearly, x 1 (P ) / ∈ S 2 , and so x 1 (P ) / ∈ C v ; otherwise if x 1 (P ) ∈ C v and x 1 (P ) ∈ S 1 ⊂ S, then x 1 (P ) ∈ S v ⊂ S 2 , which gives a contradiction. We
Similarly, for P is a uv-path in G − S 1 , we define x 2 (P ),
; P is a uv-path in G − S 1 }. The following properties are realized:
Then there exist R and Q, two uvpaths in G − S 1 and G − S 2 respectively, such that a = x
is a connected subgraph in G that contains both u and v, then this subgraph contains a uv-path P , and
which gives a contradiction. Therefore, the desired result holds.
A new proof of Menger's theorem
Lemma 3. Consider a graph G, and u, v, x, y ∈ V (G) such that uv / ∈ E(G) and xy ∈ E(G).
Proof. In the beginning we must clarify that t ≥ 1. Otherwise, we have N(y) = {x 0 }, and so y / ∈ V (P ) for all P being a uv-path in G. Thus, κ G−y (u, v) = κ G (u, v), which gives a contradiction.
Set κ G (u, v) = k. Let H = G − xy, and so κ H (u, v) = k − 1. Then there exists a uv-separator S of H such that |S| = k − 1. Note that x and y / ∈ S; otherwise, suppose without loss of generality that x ∈ S. Then,
But S is a uv-separator of H, and so S is a uv-separator of G satisfying |S| = k − 1; which gives a contradiction. Set
By the construction of
and |S ′ ∪ {y}| = k since y / ∈ G ′ . So, S ′ ∪ {y} is a minimal uv-separator of G and xy ∈< S ′ ∪ {y} >. Thus, by using Theorem 2, we have κ G−xy (u, v) = k;
Let P be a uv-path in G. If y / ∈ P , then P ⊂ G − y ⊂ G ′ and so P ∩ S ′ = φ since S ′ is a uv-separator of G ′ . If y ∈ P . Let x i and x j be the predecessor and successor of y on P respectively, 0 ≤ i = j ≤ t. If x ∈ P , then without loss of generality suppose that
Theorem 4. (Menger, 1927)
Consider a graph G, and u, v ∈ V (G) such that uv / ∈ E(G). Then the size of a minimal uv-separator of G is equal to the maximum number of internally
Proof. Suppose that the statement is false, and let G be a graph with the least number of vertices such that κ G (u, v) = k and G contains no k internally disjoint uv-paths. G contains a spanning subgraph H which has
Claim. There exists x and y ∈ V (G) − {u, v} such that xy ∈ E(G).
Suppose that for all x, y ∈ V (G) − {u, v}, xy / ∈ E(G). Since N(u) is a uv-separator, then |N(u)| ≥ k. Set {w 1 , w 2 , ..., w k } ⊂ N(u). If there exists 1 ≤ i ≤ k such that w i / ∈ N(v) and since V (G) − {u, v} is stable, then N(w i ) = {u}, and so w i / ∈ P for all P being a uv-path in G. Thus, κ G−w i (u, v) = k; which gives a contradiction to the fact that κ G−w i (u, v) = k − 1. Then w i ∈ N(v) for all 1 ≤ i ≤ k. Then {uw i v} 1≤i≤k is a set of k disjoints uv-paths in G; which gives a contradiction. Let x and y ∈ V (G)−{u, v} such that xy ∈ E(G). Let N(y) = {x 0 , x 1 , ..., x t } with x 0 = x. Set
is minimal for a graph G such that κ G (u, v) = k and G contains no k internally disjoint uv-paths. Let {P 1 , P 2 , ..
., P k } be the set of k disjoint uv-paths in G ′ .
Case 1: For all 1 ≤ i ≤ t, xx i / ∈ P j ∀1 ≤ j ≤ k. Then {P 1 , P 2 , ..., P k } is a set of k internally disjoint uv-paths in G; which gives a contradiction.
Case 2: There exists j, 1 ≤ j ≤ k such that xx i ∈ E(P j ) for some 1 ≤ i ≤ t.
Note that d P j (x) = 2 since x / ∈ {u, v}. Without loss of generality, suppose that x i is the successor of x on P j , and let w be the predecessor of x on P j .
1. If w = x r , ∀1 ≤ r = i ≤ t. Consider Q j = P In both cases Q j is a uv-path in G, and for all 1 ≤ s = j ≤ k, x / ∈ V (P s ) as {P 1 , P 2 , ..., P k } is a set of internally disjoint uv-paths, so P s ⊆ G − y ⊆ G.
Clearly {P 1 , .., P j−1 , Q j , P j+1 , .., P k } is a set of k disjoint uv-paths in G, a contradiction and so the result holds.
